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On Anticipated backward stochastic
differential equations with Markov chain noise
Zhe Yang ∗ Robert J. Elliott †
Abstract
In 2013, Lu and Ren [8] considered anticipated backward stochastic
differential equations driven by finite state, continuous time Markov
chain noise and established the existence and uniqueness of the so-
lutions of these equations and a scalar comparison theorem. In this
paper, we provide an estimate for their solutions and study the duality
between these equations and stochastic differential delayed equations
with Markov chain noise. Finally we derive another comparison the-
orem for these solutions depending only on the two drivers.
1 Introduction
In 2009, a new kind of backward stochastic differential equations (BS-
DEs), called anticipated BSDEs, was introduced in Peng and Yang [12] as
follows:

Yt = ξT +
∫ T
t
f(s, Ys, Zs, Ys+δ(s), Zs+ζ(s))ds−
∫ T
t
ZsdBs, t ∈ [0, T ];
Yt = ξt, t ∈ [T, T +K];
Zt = ηt, t ∈ [T, T +K].
They were motivated as the duality of stochastic differential delayed equa-
tions (SDDEs for short). Here, B is Brownian motion, ξ., η. are called the
terminal conditions and f is called the driver. Peng and Yang [12] provided
the existence and uniqueness for the solutions of anticipated BSDEs under
similar Lipschitz conditions and gave corresponding comparison results. In
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2011 Xu [16] obtained a necessary and sufficient condition for the comparison
theorem of multidimensional anticipated BSDEs. Xu also discussed a general
comparison theorem for one-dimensional anticipated BSDEs in [17]. In 2013
Yang and Elliott [19] gave a converse comparison theorem for anticipated
BSDEs and related non-linear expectations.
In 2011, Øksendal, Sulem and Zhang [11] studied existence and unique-
ness theorems for time-advanced BSDEs driven both by Brownian motion
and compensated Poisson random measures. Wu, Wang and Ren [15] ex-
tended results of Peng and Yang [12] for anticipated BSDEs to non-Lipschitz
generators. In 2013, Yang and Elliott [20] derived the existence of solutions to
one-dimensional anticipated BSDEs with continuous coefficients, and showed
the existence and comparison results of the minimal solutions. Zong [21] dis-
cussed the existence and uniqueness of the solutions of anticipated BSDEs
driven by the Teugels martingales and established the corresponding com-
parison theorem.
In 2012, van der Hoek and Elliott [13] introduced a market model where
uncertainties are modeled by a finite state Markov chain, instead of Brownian
motion or related jump diffusions. The Markov chain has a semimartingale
representation involving a vector martingale M = {Mt ∈ RN , t ≥ 0}. BS-
DEs in this framework were introduced by Cohen and Elliott [2] as
Yt = ξ +
∫ T
t
f(s, Ys, Zs)ds−
∫ T
t
Z ′sdMs, t ∈ [0, T ].
HereM = {Mt ∈ RN , t ≥ 0} is a martingale coming from the semimartingale
representation of the continuous time Markov chain. Cohen and Elliott [3],
[4] gave some comparison results for multidimensional BSDEs in the Markov
Chain model.
In 2013, Lu and Ren [8] discussed anticipated BSDEs driven by finite
state, continuous time Markov chains:

−dYt = f(t, Yt, Zt, Yt+δ(t), Zt+ζ(t))dt− Z ′tdMt, t ∈ [0, T ];
Yt = ξt, t ∈ [T, T +K];
Zt = ηt, t ∈ [T, T +K].
In the same paper, they established the existence and uniqueness of the so-
lutions to this kind of equation.
In this paper, we provide more properties of solutions to anticipated BS-
DEs with Markov chain noise. First we study how to bound the solutions
by the terminal conditions and the driver. Then we deduce there exists a
duality between these equations and stochastic differential delayed equations
(SDDEs) on Markov chains. This means anticipated BSDEs with Markov
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chain noise exist naturally.
Lu and Ren [8] also established a comparison theorem for one-dimensional
anticipated BSDEs on Markov chains, based on the comparison result for BS-
DEs in Cohen and Elliott [4]. They used conditions involving not only the
two drivers but also the two solutions. We shall provide a comparison result
involving conditions only on the two drivers. This means the comparison re-
sult is easier to apply. For example, the penalization of reflected anticipated
BSDEs on Markov chains and the converse comparison theorem for antic-
ipated BSDEs on Markov chains can be established using our comparison
result.
The paper is organized as follows. In Section 2, we introduce the model
and give some preliminary results. Section 3 provides a new proof of the
solutions to anticipated BSDEs on Markov chains and an estimate of the
solutions. In Section 4 we show the duality between these equations and
SDDEs on Markov chains. We establish in Section 5 a comparison result for
one-dimensional anticipated BSDEs with Markov chain noise.
2 The Model and Some Preliminary Results
Consider a finite state Markov chain. Following the papers [13] and [14]
of van der Hoek and Elliott, we assume the finite state Markov chain X =
{Xt, t ≥ 0} is defined on the probability space (Ω,F , P ) and the state space
of X is identified with the set of unit vectors {e1, e2 · · · , eN} in RN , where
ei = (0, · · · , 1 · · · , 0)′ with 1 in the i-th position. Take Ft = σ{Xs; 0 ≤ s ≤ t}
to be the σ-algebra generated by the Markov process X = {Xt} and {Ft} to
be its completed natural filtration. Since X is a right continuous with left
limits (written RCLL) jump-process, then the filtration {Ft} is also right-
continuous. The Markov chain has the semimartingale representation:
Xt = X0 +
∫ t
0
AsXsds+Mt. (1)
Here, A = {At, t ≥ 0} is the rate matrix of the chain X and M is a vector
martingale (See Elliott, Aggoun and Moore [7]). We assume the elements
Aij(t) of A = {At, t ≥ 0} are bounded. Then the martingale M is square
integrable.
Denote by [X,X ] the optional quadratic variation of X , which is a N×N
matrix process and 〈X,X〉, the unique predictable N×N matrix process such
that [X,X ]−〈X,X〉 is a matrix valued martingale and write L for the matrix
martingale process where:
Lt = [X,X ]t − 〈X,X〉t , t ∈ [0, T ].
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It is shown in [2] that:
〈X,X〉t =
∫ t
0
diag(AsXs)ds−
∫ t
0
diag(Xs)A
′
sds−
∫ t
0
Asdiag(Xs)ds. (2)
For n ∈ N, denote for φ ∈ Rn, the Euclidean norm |φ|n =
√
φ′φ and for
ψ ∈ Rn×n, the matrix norm ‖ψ‖n×n =
√
Tr(ψ′ψ).
Let Ψ be the matrix
Ψt = diag(AtXt−)− diag(Xt−)A′t −Atdiag(Xt−). (3)
Then d〈X,X〉t = Ψtdt. For any t > 0, Cohen and Elliott [2, 4], define the
semi-norm ‖.‖Xt , for C,D ∈ RN×K as:
〈C,D〉Xt = Tr(C ′ΨtD),
‖C‖2Xt = 〈C,C〉Xt .
We only consider the case where C ∈ RN , hence we introduce the semi-norm
‖.‖Xt as:
〈C,D〉Xt = C ′ΨtD,
‖C‖2Xt = 〈C,C〉Xt .
It follows from equation (2) that∫ T
t
‖C‖2Xsds =
∫ T
t
C ′d 〈X,X〉sC.
The following lemma comes from Yang, Ramarimbahoaka and Elliott [18].
Lemma 2.1. For any B ∈ RN ,
‖B‖Xt ≤
√
3m|B|N , for any t ∈ [0, T ],
where m > 0 is the bound of ‖At‖N×N , for any t ∈ [0, T ].
Lemma 2.2 is Lemma 3.1 in Cohen and Elliott [4].
Lemma 2.2. For Z, a predictable process in RN , verifying:
E
[∫ t
0
‖Zu‖2Xudu
]
<∞,
we have:
E
[(∫ t
0
Z ′udMu
)2]
= E
[∫ t
0
‖Zu‖2Xudu
]
.
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Denote by P, the σ-field generated by the processes defined on (Ω, P,F)
which are predictable with respect to the filtration {Ft}t∈[0,∞). For any
t, s, r ∈ [0,∞), t ≤ r ≤ s, consider the following spaces:
L2(Ft;R) := {ξ : ξ is an R-valued Ft-measurable random variable such that
E[|ξ|2] < +∞};
L2F (t, s;R) := {φ. : [t, s]× Ω→ R; φ. is an adapted and RCLL process with
E[
∫ s
t
|φ(t)|2dt] < +∞};
H2(t, s;RN) = {φ. : [t, s]× Ω→ RN ; φ. ∈ P with E[
∫ s
t
‖φ(t)‖2Xtdt] < +∞};
H2(Fr;RN) := {ϕr is an RN -valued Fr-measurable random variable with ϕ.
∈ H2(t, s;RN)}.
Consider the following one-dimensional BSDE with the Markov chain
noise:
Yt = ξ +
∫ T
t
f(s, Ys, Zs)ds−
∫ T
t
Z ′sdMs, t ∈ [0, T ]. (4)
Here the terminal condition ξ and the coefficient f are known. Lemma 2.3
(Theorem 6.2 in Cohen and Elliott [2]) gives the existence and uniqueness
result for solutions to the BSDEs driven by Markov chains:
Lemma 2.3. Assume ξ ∈ L2(FT ), the function f : Ω× [0, T ]×R×RN → R
satisfies a Lipschitz condition, in the sense that there exists two constants
l1, l2 > 0 such that P -a.s. for each y1, y2 ∈ R and z1, z2 ∈ RN , t ∈ [0, T ],
|f(t, y1, z1)− f(t, y2, z2)| ≤ l1|y1 − y2|+ l2‖z1 − z2‖Xt , (5)
and for each (y, z) ∈ R×RN , the process (f(t, y, z))t∈[0,T ] is predictable. We
also assume f satisfies
E[
∫ T
0
|f(t, 0, 0)|2dt] <∞. (6)
Then there exists a solution (Y, Z) ∈ L2F (0, T ;R)×P 2F(0, T ;RN) to BSDE (4).
Moreover, this solution is unique among (Y, Z) ∈ L2F(0, T ;R)×P 2F(0, T ;RN)
and up to indistinguishability for Y and equality d〈X,X〉t ×P-a.s. for Z.
Campbell and Meyer [1] gave the following definition:
Definition 2.4. The Moore-Penrose pseudoinverse of a square matrix Q is
the matrix Q† satisfying the properties:
1) QQ†Q = Q
2) Q†QQ† = Q†
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3) (QQ†)′ = QQ†
4) (Q†Q)′ = Q†Q.
Recall the matrix Ψ. given by (3). The following lemma is Lemma 3.3 in
Cohen and Elliott [4].
Lemma 2.5. For all t, both Ψ and Ψ† are bounded.
We adapt Lemma 3.5 in Cohen and Elliott [4] for our framework as fol-
lows:
Lemma 2.6. For any driver satisfying (5) and (6), for any Y. and Z.,
P (f(t, Yt−, Zt) = f(t, Yt−,ΨtΨ
†
tZt), for all t ∈ [0,+∞]) = 1
and ∫ t
0
Z ′sdMs =
∫ t
0
(ΨsΨ
†
sZs)
′dMs.
Therefore, without any loss of generality, we shall assume Z. = (ΨΨ
†Z)..
Assumption 2.7. Assume the Lipschitz constant l2 of the driver f given in
(5) satisfies
l2‖Ψ†t‖N×N
√
6m < 1, for any t ∈ [0, T ],
where Ψ. is given in (3) and m > 0 is the bound of ‖At‖N×N , for any t ∈
[0, T ].
The following lemma, which is a comparison result for BSDEs driven by
a Markov chain, is found in Yang, Ramarimbahoaka and Elliott [18].
Lemma 2.8. For i = 1, 2, suppose (Y (i). , Z
(i)
. ) is the solution of the BSDE:
Y
(i)
t = ξi +
∫ T
t
fi(s, Y
(i)
s , Z
(i)
s )ds−
∫ T
t
(Z(i)s )
′dMs, t ∈ [0, T ].
Assume ξ1, ξ2 ∈ L2(FT ;R), and f1, f2 : Ω × [0, T ] × R × RN → R satisfy
conditions such that the above two BSDEs have unique solutions. More-
over assume f1 satisfies (5) and Assumption 2.7. If ξ1 ≤ ξ2, a.s. and
f1(t, Y
(2)
t , Z
(2)
t ) ≤ f2(t, Y (2)t , Z(2)t ), a.e., a.s., then
P (Y
(1)
t ≤ Y (2)t , for any t ∈ [0, T ]) = 1.
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The following lemma which gives the duality between the solutions to
linear BSDEs and linear SDEs is Theorem 2 in [3], adapted for our one-
dimensional case with Markov chain noise:
Lemma 2.9. (Linear BSDEs) Let (η, µ) be a du×P−a.s. bounded (R1×N ,R)
valued predictable process, g ∈ P 2F(0, T,R) and ξ ∈ L2(FT ). Then the linear
BSDE given by
Yt = ξ +
∫ T
t
(µsYs + ηsZs + gs)ds−
∫ T
t
Z ′sdMs, t ∈ [0, T ]
has a unique solution (Y, Z) ∈ L2F (0, T ;R)×P 2F(0, T ;RN), (up to appropriate
sets of measure zero). Furthermore, if for all s ∈ [t, T ]
1 + ηsΨ
†
s(ej −Xs−) (7)
is non-zero (invertible for the multi-dimensional case) for all j such that
e′jAsXs− > 0, except possibly on some evanescent set, then Y is given by the
explicit formula
Yt = E[ξUT +
∫ T
t
gsUsds|Ft] (8)
up to indistinguishability. Here U is the solution to the one-dimensional
SDE: {
dUs = Usµsds+ Us−ηs(Ψ
†
s)
′dMs, s ∈ [t, T ];
Ut = 1.
Remark 1 in [4] states that conditions (7) and (8) in Lemma 2.9 can be
simplified to
ηsΨ
†
s(ej −Xs−) > −1, (9)
for all j ∈ {1, · · · , N}, without loss of generality. Note that if Assumption
2.7 holds, we deduce condition (9) holds, furthermore, the result of Lemma
2.9 holds.
Lemma 2.10 is Corollary 7.22 in Klebaner [9].
Lemma 2.10. Let {M(t); 0 ≤ t <∞} be a local martingale such that for all
t, E[sup
s≤t
|M(s)|] <∞. Then it is a martingale.
3 An estimate of the solutions to anticipated
BSDEs with Markov chain model
In order to make this paper self-contained, we shall provide a proof of
the existence and uniqueness of solutions of anticipated BSDEs with Markov
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chain noise by using the fixed point theorem, rather than using Picard iter-
ations as in Lu and Ren [8].
Consider the following anticipated BSDE on the Markov chain:

−dYt = f(t, Yt, Zt, Yt+δ(t), Zt+ζ(t))dt− Z ′tdMt, t ∈ [0, T ];
Yt = ξt, t ∈ [T, T +K];
Zt = ηt, t ∈ [T, T +K].
(10)
HereM is defined in (1), δ(·) and ζ(·) are two R+-valued continuous functions
defined on [0, T ] such that
(i) there exists a constant K ≥ 0 such that for any s ∈ [0, T ],
s+ δ(s) ≤ T +K, s+ ζ(s) ≤ T +K;
(ii) there exists a constant L ≥ 0 such that for any t ∈ [0, T ] and a nonneg-
ative and integrable function g(·),∫ T
t
g(s+ δ(s))ds ≤ L
∫ T+K
t
g(s)ds;
∫ T
t
g(s+ ζ(s))ds ≤ L
∫ T+K
t
g(s)ds.
Assume that for any s ∈ [0, T ], f(s, ω, y, z, ξ, η) : Ω×R×RN×L2(Fr;R)×
H2(Fr′;RN) −→ L2(Fs,R), where r, r′ ∈ [s, T + K], and f satisfies the
following conditions
(H1) There exist two constants c1, c2 > 0, such that for any s ∈ [0, T ], y, y′ ∈
R, z, z′ ∈ RN , ξ·, ξ′· ∈ L2F(s, T + K;R), η·, η′· ∈ H2(s, T + K;RN), r, r¯ ∈
[s, T +K], we have
|f(s, y, z, ξr, ηr¯)− f(s, y′, z′, ξ′r, η′r¯)|
≤ c1(|y − y′|+ EFs [|ξr − ξ′r|]) + c2(‖z − z′‖Xs + EFs [‖ηr¯ − η′r¯‖Xs ]).
(H2) For each (y, z, ξ, η) ∈ R × RN × L2(Fr;R)×H2(Fr′;RN), the process
(f(t, y, z, ξ, η))t∈[0,T ] is predictable, and E[
∫ T
0
|f(s, 0, 0, 0, 0)|2ds] <∞.
Lu and Ren [8] proved the result of Theorem 3.1 below. Here, we give an
alternative proof.
Theorem 3.1. Suppose that f satisfies (H1) and (H2), δ, ζ satisfy (i) and
(ii). Then for arbitrary given terminal conditions ξ· ∈ L2F (T, T + K;R),
η· ∈ H2(T, T + K;RN), the anticipated BSDE (10) has a unique solution,
i.e., there exists a unique pair of stochastic processes (Y., Z.) ∈ L2F(0, T +
K;R) ×H2(0, T +K;RN) satisfying equation (10). Moreover, this solution
is unique up to indistinguishability for Y and equality d〈X,X〉t ×P-a.s. for
Z.
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Proof. Set c := max{c1, c2}. We fix β = 16c2(L + 1), where L is given in
(ii). Now we introduce a norm in the Banach space L2F (0, T +K;R) :
‖ν.‖L2 = (E[
∫ T+K
0
|νs|2eβsds]) 12 .
Define an equivalence class of ϕ. by [ϕ.] := {ψ.; E[
∫ T+K
0
‖ψt−ϕt‖2Xsds] = 0}
and denote the factor space of equivalence classes of processes in H2(0, T +
K;RN) by Hˆ2(0, T + K;RN) := {[ϕ.]; ϕ. ∈ H2(0, T + K;RN)}. Then
Hˆ2(0, T +K;RN) is a Banach space with the norm
‖µ.‖Hˆ2 = (E[
∫ T+K
0
‖µs‖2Xseβsds])
1
2 .
Set

Yt = ξT +
∫ T
t
f(s, ys, zs, ys+δ(s), zs+ζ(s))ds−
∫ T
t
Z ′sdMs, t ∈ [0, T ];
Yt = ξt, t ∈ [T, T +K];
Zt = ηt, t ∈ [T, T +K].
By Lemma 2.3, we know for any (y·, z·) ∈ L2F (0, T+K;R)×H2(0, T+K;RN),
the above equation has a solution (Y·, Z·) ∈ L2F(0, T + K;R) × H2(0, T +
K; RN), moreover, this solution is unique up to indistinguishability for Y·
and equality d〈X,X〉t × P-a.s. for Z·. That is, this solution is unique up
to indistinguishability for (Y·, Z·) ∈ L2F (0, T + K;R) × Hˆ2(0, T + K;RN).
Define a mapping h : L2F (0, T + K;R) × Hˆ2(0, T + K;RN) −→ L2F (0, T +
K; R) × Hˆ2(0, T + K;RN) such that h[(y·, z·)] = (Y·, Z·). Now we prove
that h is a contraction mapping under the norm ‖ · ‖L2 + ‖ · ‖Hˆ2. For two
arbitrary elements (y·, z·) and (y
′
·, z
′
·) in L
2
F (0, T +K;R)× Hˆ2(0, T +K;RN)
set (Y·, Z·) = h[(y·, z·)] and (Y
′
· , Z
′
·) = h[(y
′
·, z
′
·)]. Denote their differences by
(yˆ·, zˆ·) = ((y − y′)·, (z − z′)·) and (Yˆ·, Zˆ·) = ((Y − Y ′)·, (Z − Z ′)·). Applying
Product Rule for Semimartingales in [6] to |Yˆt|, we have
|Yˆt|2 = −2
∫ T
t
Yˆs−dYˆs −
∑
t≤s≤T
∆Yˆs∆Yˆs
= −2
∫ T
t
Yˆs(f(s, ys, zs, ys+δ(s), zs+ζ(s))− f(s, y′s, z′s, y′s+δ(s), z′s+ζ(s)))ds
− 2
∫ T
t
Yˆs−(Zˆs)
′dMs −
∑
t≤s≤T
∆Yˆs∆Yˆs.
Also∑
t≤s≤T
∆Yˆs∆Yˆs =
∑
t≤s≤T
((Zˆs)
′∆Xs)((Zˆs)
′∆Xs) =
∑
t≤s≤T
(Zˆs)
′∆Xs∆X
′
sZˆs
=
∫ T
t
(Zˆs)
′(dLs + d 〈X,X〉s)Zˆs =
∫ T
t
(Zˆs)
′dLsZˆs +
∫ T
t
‖Zˆs‖2Xsds.
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Applying Itoˆ’s formula to eβs|Yˆs|2 for s ∈ [0, T ] and then taking the expec-
tation:
E[|Yˆ0|2] + E[
∫ T
0
β|Yˆs|2eβsds] + E[
∫ T
0
‖Zˆs‖2Xseβsds]
= 2E[
∫ T
0
Yˆs(f(s, ys, zs, ys+δ(s), zs+ζ(s))− f(s, y′s, z′s, y′s+δ(s), z′s+ζ(s)))eβsds]
≤ E[
∫ T
0
(
β
2
|Yˆs|2 + 2
β
|f(s, ys, zs, ys+δ(s), zs+ζ(s))− f(s, y′s, z′s, y′s+δ(s), z′s+ζ(s))|2)eβsds].
Since δ(s), ζ(s) satisfy (ii) and f satisfies (H1), by the Fubini Theorem we
have
E[
∫ T
0
(
β
2
|Yˆs|2 + ‖Zˆs‖2Xs)eβsds]
≤ 2c
2
β
E[
∫ T
0
(|yˆs|+ ‖zˆs‖Xs + EFs [ |yˆs+δ(s)|+ ‖zˆs+ζ(s)‖Xs])2eβsds]
≤ 8c
2
β
E[
∫ T
0
(|yˆs|2 + ‖zˆs‖2Xs + |yˆs+δ(s)|2 + ‖zˆs+ζ(s)‖2Xs)eβsds]
≤ 8c
2(L+ 1)
β
E[
∫ T+K
0
(|yˆs|2 + ‖zˆs‖2Xs)eβsds].
Note β = 16c2(L+ 1), therefore
E[
∫ T+K
0
(|Yˆs|2 + ‖Zˆs‖2Xs)eβsds] ≤
1
2
E[
∫ T+K
0
(|yˆs|2 + ‖zˆs‖Xs)eβsds],
or
‖Yˆ·‖L2 + ‖Zˆ·‖Hˆ2 ≤
1√
2
(‖yˆ·‖L2 + ‖zˆ·‖Hˆ2).
Consequently h is a strict contraction mapping on L2F(0, T+K;R)×Hˆ2(0, T+
K;RN). It follows by the Fixed Point Theorem that the anticipated BSDE
(10) has a unique solution (Y·, Z·) ∈ L2F (0, T + K;R) × Hˆ2(0, T + K;RN).
That is, the solution (Y·, Z·) ∈ L2F(0, T +K;R)×H2(0, T +K;RN) is unique
up to indistinguishability for Y and equality d〈X,X〉t × P-a.s. for Z. 
Our method allows us to find an estimate of the solution to equation (10).
Proposition 3.2. Assume that f satisfies (H1) and (H2), δ and ζ satisfy
(i) and (ii). Then there exists a constant C > 0 depending only on c1, c2
in (H1), L in (ii), K and T , such that for each ξ· ∈ L2F(T, T +K;R), η· ∈
H2(T, T+K;RN), the solution (Y., Z.) to the anticipated BSDE (10) satisfies
E[ sup
0≤s≤T
|Ys|2 +
∫ T
0
‖Zs‖2Xsds]
≤ CE[|ξT |2 +
∫ T+K
T
(|ξs|2 + ‖ηs‖2Xs)ds+ (
∫ T
0
|f(s, 0, 0, 0, 0)|ds)2].
(11)
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Proof. Set c =: max{c1, c2}. let β > 0 be an arbitrary constant. Using Itoˆ’s
formula for eβt|Yt|2, we deduce
E[|Y0|2] + E[
∫ T
0
β|Ys|2eβsds] + E[
∫ T
0
eβs‖Zs‖2Xsds]
= E[eβT |ξT |2] + 2E[
∫ T
0
eβsYsf(s, Ys, Zs, Ys+δ(s), Zs+ζ(s))ds]
≤ E[eβT |ξT |2] + 2E[
∫ T
0
eβs|Ys| · |f(s, 0, 0, 0, 0)|ds]
+2E[
∫ T
0
eβs|Ys| · |f(s, Ys, Zs, Ys+δ(s), Zs+ζ(s))− f(s, 0, 0, 0, 0)|ds]
≤ E[eβT |ξT |2] + 2E[
∫ T
0
eβs|Ys| · |f(s, 0, 0, 0, 0)|ds]
+2cE[
∫ T
0
eβs|Ys|(|Ys|+ EFs [|Ys+δ(s)|] + ‖Zs‖Xs + EFs [‖Zs+ζ(s)‖Xs ])ds]
≤ E[eβT |ξT |2] + 2E[ sup
s∈[0,T ]
e
1
2
βs|Ys| ·
∫ T
0
e
1
2
βs|f(s, 0, 0, 0, 0)|ds]
+(3c+ 3c2 + 3c2L)E[
∫ T
0
eβs|Ys|2ds] + cE[
∫ T
0
eβs|Ys+δ(s)|2ds]
+
1
3
E[
∫ T
0
eβs‖Zs‖2Xsds] +
1
3L
E[
∫ T
0
eβs‖Zs+ζ(s)‖2Xsds]
≤ E[eβT |ξT |2] + αE[ sup
s∈[0,T ]
eβs|Ys|2] + 1
α
E[(
∫ T
0
e
1
2
βs|f(s, 0, 0, 0, 0)|ds)2]
+(3c+ 3c2 + 3c2L+ cL)E[
∫ T+K
0
eβs|Ys|2ds] + 2
3
E[
∫ T+K
0
eβs‖Zs‖2Xsds],
where α > 0 is also an arbitrary constant. Set β = 3c+ 3c2+ 3c2L+ cL+ 1,
we obtain
E[
∫ T
0
|Ys|2eβsds] + 1
3
E[
∫ T
0
eβs‖Zs‖2Xsds] (12)
≤ E[eβT |ξT |2] + αE[ sup
s∈[0,T ]
eβs|Ys|2] + 1
α
E[(
∫ T
0
e
1
2
βs|f(s, 0, 0, 0, 0)|ds)2]
+ (3c+ 3c2 + 3c2L+ cL)E[
∫ T+K
T
eβs|ξs|2ds] + 2
3
E[
∫ T+K
T
eβs‖ηs‖2Xsds].
Using Doob’s inequality and Lemma 2.2, we know
E[ sup
0≤t≤T
|
∫ T
t
Z ′sdMs|2] = E[ sup
0≤t≤T
|
∫ T
0
Z ′sdMs −
∫ t
0
Z ′sdMs|2]
≤ 2E[|
∫ T
0
Z ′sdMs|2 + sup
0≤t≤T
|
∫ t
0
Z ′sdMs|2] ≤ 10E[|
∫ T
0
Z ′sdMs|2]
= 10E[
∫ T
0
‖Zs‖2Xsds] ≤ 10E[
∫ T
0
eβs‖Zs‖2Xsds]. (13)
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Because Yt = ξ +
∫ T
t
f(s, Ys, Zs, Ys+δ(s), Zs+ζ(s))ds −
∫ T
t
Z ′sdMs, 0 ≤ t ≤ T ,
by (13) we have
E[ sup
0≤t≤T
|Yt|2]
≤ E[3|ξT |2 + 3(
∫ T
0
|f(s, Ys, Zs, Ys+δ(s), Zs+ζ(s))|ds)2 + 3 sup
0≤t≤T
|
∫ T
t
Z ′sdMs|2]
≤ 3E[|ξT |2] + 30E[
∫ T
0
eβs‖Zs‖2Xsds]
+ 3E[(
∫ T
0
(|f(s, 0, 0, 0, 0)|+ c|Ys|+ c‖Zs‖Xs + c|Ys+δ(s)|+ c‖Zs+ζ(s)‖Xs)ds)2]
≤ 3E[|ξT |2] + 30E[
∫ T
0
eβs‖Zs‖2Xsds] + 15E[(
∫ T
0
|f(s, 0, 0, 0, 0)|ds)2]
+ 15Tc2E[
∫ T
0
(|Ys|2 + ‖Zs‖2Xs + |Ys+δ(s)|2 + ‖Zs+ζ(s)‖2Xs)ds]
≤ 3E[eβT |ξT |2] + 15E[(
∫ T
0
|f(s, 0, 0, 0, 0)|ds)2]
+ 15(2 + Tc2 + Tc2L)E[
∫ T
0
eβs(|Ys|2 + ‖Zs‖2Xs)ds]
+ 15Tc2LE[
∫ T+K
T
eβs(|ξs|2 + ‖ηs‖2Xs)ds]. (14)
Set α =
1
90(2 + Tc2 + Tc2L)
. Then by (12) and (14), we deduce there exists
a constant C > 0 depending on T, c, L and K such that (11) holds. 
4 Duality between SDDEs and Anticipated
BSDEs on Markov chains
It is well known that there is perfect duality between SDEs and BSDEs
(see El Karoui, Peng, and Quenez [5]). Cohen, Elliott [3] and [4] showed
duality between SDEs and BSDEs driven by Markov chains. In [12] Peng
and Yang considered duality between SDDEs and anticipated BSDEs. We
now establish duality between SDDEs and anticipated BSDEs with Markov
chain noise.
Lemma 4.1. For any B ∈ RN×N ,
‖B‖2Xt ≤ 3m‖B‖2N×N , for any t ∈ [0, T ],
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where m > 0 is the bound of ‖At‖N×N , for any t ∈ [0, T ].
Proof. Write B = (B1, B2, . . . , BN), where Bi ∈ RN , for any 1 ≤ i ≤ N .
Then ‖B‖2N×N =
∑N
i=1 |Bi|2N . Noticing that for any 1 ≤ i ≤ N , B′iΨtBi ∈ R,
we obtain for any t ∈ [0, T ],
‖B‖2Xt = Tr((B1, B2, . . . , BN)′Ψt(B1, B2, . . . , BN))
= Tr((B′1ΨtB1, B
′
2ΨtB2, . . . , B
′
NΨtBN ))
=
N∑
i=1
B′iΨtBi =
N∑
i=1
‖Bi‖2Xt .
By Lemma 2.1 we have ‖B‖2Xt ≤ 3m
∑N
i=1 |Bi|2N = 3m‖B‖2N×N , for any
t ∈ [0, T ]. 
Assumption 4.2. Assume there exists a constant l > 0 such that for any
t ∈ [0, T ], ‖Ψ†t‖2N×N ≤ l, where Ψ is given in (3).
Lemma 4.3. Suppose that Assumption 4.2 holds, f satisfies (H1), (H2) and
δ, ζ satisfy (i) and (ii). Then for any ξ· ∈ L2F(T, T + K;R), η· ∈ H2(T, T +
K; RN), the solution Z. ∈ H2(0, T + K;RN) of the anticipated BSDE (10)
satisfies Z. = (ΨΨ†Z)., d〈X,X〉t ×P-a.s.
Proof. Set c := max{c1, c2}. By the proof of Theorem 3.1,We know there
exists a sequence of {(y(n)· , z(n)· ); n ∈ N} ⊆ L2F(0, T +K;R)×H2(0, T +K;
R
N ) satisfying for any n ∈ N,

y
(n+1)
t = ξT +
∫ T
t
f(s, y
(n+1)
s , z
(n+1)
s , y
(n)
s+δ(s), z
(n)
s+ζ(s))ds−
∫ T
t
(z
(n+1)
s )′dMs, t ∈ [0, T ];
y
(n+1)
t = ξt, t ∈ [T, T +K];
z
(n+1)
t = ηt, t ∈ [T, T +K].
Then
E[
∫ T+K
0
(|y(n)s − Ys|2 + ‖z(n)s − Zs‖2Xs)eβsds]→ 0, as n→∞,
where (Y·, Z·) ∈ L2F (0, T + K;R) × H2(0, T + K;RN) is the solution of the
anticipated BSDE (10). Thus, E[
∫ T+K
0
‖z(n)s − Zs‖2Xsds] → 0 as n → ∞.
By Lemma 2.6, we have for any n ∈ N, E[∫ T+K
0
‖z(n)s −ΨsΨ†sz(n)s ‖2Xsds] = 0.
Noting Ψt = diag(AtXt)− diag(Xt)A′t −Atdiag(Xt) given in (3), by Lemma
13
4.1 we obtain for any t ∈ [0, T ],
‖Ψt‖2Xt ≤ 3m‖diag(AtXt)− diag(Xt)A′t − Atdiag(Xt)‖2N×N
≤ 3m(|AtXt|N + |Xt|N · ‖At‖N×N + ‖At‖N×N · |Xt|N)2
≤ 3m(‖At‖N×N · |Xt|N + |Xt|N · ‖At‖N×N + ‖At‖N×N · |Xt|N)2
≤ 27m‖At‖2N×N ≤ 27m3.
Hence, by Assumption 4.2 and Lemma 4.1, we deduce
E[
∫ T+K
0
‖ΨsΨ†sz(n)s −ΨsΨ†sZs‖2Xsds]
≤ E[
∫ T+K
0
‖Ψs‖2Xs · ‖Ψ†s‖2Xs · ‖z(n)s − Zs‖2Xsds]
≤ 27m3lE[
∫ T+K
0
‖z(n)s − Zs‖2Xsds]→ 0, as n→∞.
Therefore,
E[
∫ T+K
0
‖Zs −ΨsΨ†sZs‖2Xsds] = limn→∞E[
∫ T+K
0
‖Zs −ΨsΨ†sZs‖2Xsds]
≤ 3 lim
n→∞
E[
∫ T+K
0
‖Zs − z(n)s ‖2Xsds] + 3 limn→∞E[
∫ T+K
0
‖z(n)s −ΨsΨ†sz(n)s ‖2Xsds]
+ 3 lim
n→∞
E[
∫ T+K
0
‖ΨsΨ†sz(n)s −ΨsΨ†sZs‖2Xsds] = 0. 
Theorem 4.4. Suppose θ > 0 is a given constant, a., µ. ∈ L2F(t0−θ, T+θ;R),
ϕ. ∈ L2F(t0, T ;R), b. ∈ L2F (t0 − θ, T + θ;R1×N), and moreover, there is a
constant γ > 0 such that |as| ≤ γ, |bs|N ≤ γ and |µs| ≤ γ for any s ∈
[t0−θ, T +θ]. Then for all U. ∈ L2F(T, T +θ;R), the solution Y. to anticipated
BSDE with Markov chain noise{ −dYt = (atYt + µtEFt [Yt+θ] + btZt + ϕt)dt− Z ′tdMt, t ∈ [t0, T ];
Yt = Ut, t ∈ [T, T + θ].
can be given by the closed formula:
Yt = E
Ft [XˆTUT +
∫ T
t
Xˆsϕsds+
∫ T+θ
T
µs−θXˆs−θUsds],
for any t ∈ [t0, T ], a.s., where Xˆs is the solution to SDDE with Markov chain

dXˆs = (asXˆs + µs−θXˆs−θ)ds+ Xˆs−bs−(Ψ
†
s)
′dMs, s ∈ [t, T + θ];
Xˆt = 1,
Xˆs = 0, s ∈ [t− θ, t).
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Proof. By Theorem 3.1 of Mao [10], we have there exists a unique RCLL
adapted solution hatX of the above SDDE. By (1), [M,M ]t = [X,X ]t =
〈X,X〉t + Lt and d 〈X,X〉t = Ψtdt. By Definition 2.4 and Lemma 4.3,
Z ′t = (ΨtΨ
†
tZt)
′ = Z ′t(ΨtΨ
†
t)
′ = Z ′tΨtΨ
†
t for t ∈ [t0, T ]. Applying Itoˆ’s formula
to XˆsYs for s ∈ [t, T ], we derive
d(XˆsYs)
= Xˆs−dYs + Ys−dXˆs + d[Xˆ, Y ]s
= −XˆsasYsds− XˆsµsEFs [Ys+θ]ds− XˆsbsZsds− Xˆsϕsds+ Xˆs−Z ′sdMs + YsXˆsasds
+ Ysµs−θXˆs−θds+ Ys−Xˆs−bs−(Ψ
†
s)
′dMs + Z
′
s∆MsXˆs−bs−(Ψ
†
s)
′∆Ms
= −XˆsµsEFs [Ys+θ]ds− XˆsbsZsds− Xˆsϕsds+ Xˆs−Z ′sdMs + Ysµs−θXˆs−θds
+ Ys−Xˆs−bs−(Ψ
†
s)
′dMs + Z
′
s∆Ms∆M
′
sΨ
†
sXˆs−b
′
s−
= −XˆsµsEFs [Ys+θ]ds− XˆsbsZsds− Xˆsϕsds+ Xˆs−Z ′sdMs + Ysµs−θXˆs−θds
+ Ys−Xˆs−bs−(Ψ
†
s)
′dMs + Z
′
sd[M,M ]sΨ
†
sXˆs−b
′
s−
= −XˆsµsEFs [Ys+θ]ds− XˆsbsZsds− Xˆsϕsds+ Xˆs−Z ′sdMs + Ysµs−θXˆs−θds
+ Ys−Xˆs−bs−(Ψ
†
s)
′dMs + Z
′
sΨsΨ
†
sXˆsb
′
sds+ Z
′
sdLsΨ
†
sXˆs−b
′
s−
= −XˆsµsEFs [Ys+θ]ds− XˆsbsZsds− Xˆsϕsds+ Xˆs−Z ′sdMs + Ysµs−θXˆs−θds
+ Ys−Xˆs−bs−(Ψ
†
s)
′dMs + Z
′
sXˆsb
′
sds+ Z
′
sdLsΨ
†
sXˆs−b
′
s−
= −XˆsµsEFs [Ys+θ]ds− Xˆsϕsds+ Xˆs−Z ′sdMs + Ysµs−θXˆs−θds
+ Ys−Xˆs−bs−(Ψ
†
s)
′dMs + Z
′
sdLsΨ
†
sXˆs−b
′
s−.
Then for any s ∈ [t, T ], we obtain
XˆsYs − Yt +
∫ s
t
XˆrµrE
Fr [Yr+θ]dr +
∫ s
t
Xˆrϕrdr −
∫ s
t
Yrµr−θXˆr−θdr = L˜s
for some local martingale L˜. Thus by Ho¨lder’s inequality, noting Xˆs = 0 for
any s ∈ [t− θ, t), we know for any T ′ ∈ [t, T ],
E[ sup
s∈[t,T ′]
|L˜s|]
≤ E[ sup
s∈[t,T ′]
|XˆsYs|] + E[|Yt|] + γE[ sup
s∈[t,T ′]
∫ s
t
|XˆrEFr [Yr+θ]|dr]
+ E[ sup
s∈[t,T ′]
∫ s
t
|Xˆrϕr|dr] + γE[ sup
s∈[t,T ′]
∫ s
t
|YrXˆr−θ|dr]
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≤ 1
2
E[ sup
s∈[t,T ]
|Xˆs|2 + sup
s∈[t,T ]
|Ys|2] + E[|Yt|] + γE[
∫ T
t
|XˆrYr+θ|dr]
+ E[
∫ T
t
|Xˆrϕr|dr] + γE[
∫ T
t
|YrXˆr−θ|dr]
≤ 1
2
E[ sup
s∈[t,T ]
|Xˆs|2 + sup
s∈[t,T ]
|Ys|2] + E[|Yt|] + γ(E[
∫ T
t
|Xˆr|2dr]) 12 (E[
∫ T
t
|ϕr|2dr]) 12
+ γ(E[
∫ T
t
|Xˆr|2dr]) 12 (E[
∫ T
t
|Yr+θ|2dr]) 12 + γ(E[
∫ T
t
|Yr|2dr]) 12 (E[
∫ T
t
|Xˆr−θ|2dr]) 12
≤ 1
2
E[ sup
s∈[t,T ]
|Xˆs|2 + sup
s∈[t,T ]
|Ys|2] + E[|Yt|] + γ(E[
∫ T
t
|Xˆr|2dr]) 12 (E[
∫ T
t
|ϕr|2dr]) 12
+ γ(E[
∫ T
t
|Xˆr|2dr]) 12 (E[
∫ T+θ
t+θ
|Yr|2dr]) 12 + γ(E[
∫ T
t
|Yr|2dr]) 12 (E[
∫ T−θ
t
|Xˆr|2dr]) 12 .
Lemma 4.5.
E[
∫ T
t
|Xˆr|2dr] < +∞, moreover, E[ sup
s∈[t,T ]
|Xˆs|2] < +∞.
Proof. By Lemma 2.5, we know there exists a constant ρ > 0 such that
|Ψ†s|N×N ≤ ρ for s ∈ [t0− θ, T + θ]. Since Xˆs = 0 for s ∈ [t− θ, t), by Lemma
2.1 we have for s ∈ [t, T + θ],
E[|Xˆs|2]
≤ 4(1 + E[|
∫ s
t
arXˆrdr|2] + E[|
∫ s
t
µr−θXˆr−θdr|2] + E[|
∫ s
t
Xˆr−br−(Ψ
†
r)
′dMr|2])
≤ 4 + 4γ2(s− t)E[
∫ s
t
|Xˆr|2dr] + 4γ2(s− t)E[
∫ s−θ
t
|Xˆr|2dr]
+ 4E[
∫ s
t
‖Xˆrbr(Ψ†r)′‖2Xrdr]
≤ 4 + 8γ2(T + θ − t)E[
∫ s
t
|Xˆr|2dr] + 12m2E[
∫ s
t
|Xˆrbr(Ψ†r)′|2Ndr]
≤ 4 + 8γ2(T + θ − t)E[
∫ s
t
|Xˆr|2dr] + 12m2E[
∫ s
t
|Xˆr|2 · |br|2N · |Ψ†r|2N×Ndr]
≤ 4 + 8γ2(T + θ − t)E[
∫ s
t
|Xˆr|2dr] + 12m2γ2ρ2E[
∫ s
t
|Xˆr|2dr].
By Gro¨nwall’s inequality, we derive for s ∈ [t, T + θ],
E[|Xˆs|2] ≤ 4e(8γ2(T+θ−t)+12m2γ2ρ2)s ≤ 4e8γ2(T+θ)2+12m2γ2ρ2(T+θ).
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Hence E[
∫ T
t
|Xˆr|2dr] =
∫ T
t
E[|Xˆr|2]dr < +∞ and by Doob’s martingale in-
equality, we deduce
E[ sup
s∈[t,T ]
|Xˆs|2]
≤ 4 + 4E[ sup
s∈[t,T ]
|
∫ s
t
arXˆrdr|2] + 4E[ sup
s∈[t,T ]
|
∫ s
t
µr−θXˆr−θdr|2]
+ 4E[ sup
s∈[t,T ]
|
∫ s
t
Xˆr−br−(Ψ
†
r)
′dMr|2]
≤ 4 + 8γ2TE[
∫ T
t
|Xˆr|2dr] + 16E[|
∫ T
t
Xˆr−br−(Ψ
†
r)
′dMr|2].
Similar to the above proof, we obtain E[sups∈[t,T ] |Xˆs|2] < +∞.
We return to the proof of Theorem 4.4. By Proposition 3.2 and Lemma
4.5, we know E[sups∈[t,T ′] |L˜|] < +∞. So by Lemma 2.10, we deduce L˜ is a
martingale. Because Xˆt = 1 and Xˆs = 0, s ∈ [t − θ, t), taking conditional
expectations under Ft, we have
Yt
= EFt [XˆTYT +
∫ T
t
XˆsµsE
Fs [Ys+θ]ds+
∫ T
t
Xˆsϕsds−
∫ T
t
Ysµs−θXˆs−θds]
= EFt [XˆTYT +
∫ T
t
Xˆsϕsds] + E
Ft [
∫ T
t
(XˆsµsYs+θ − Xˆs−θµs−θYs)ds]
= EFt [XˆTYT +
∫ T
t
Xˆsϕsds] + E
Ft [
∫ T+θ
t+θ
Xˆs−θµs−θYsds−
∫ T
t
Xˆs−θµs−θYsds]
= EFt [XˆTYT +
∫ T
t
Xˆsϕsds+
∫ T+θ
T
Xˆs−θµs−θYsds−
∫ t+θ
t
Xˆs−θµs−θYsds]
= EFt [XˆTUT +
∫ T
t
Xˆsϕsds+
∫ T+θ
T
µs−θXˆs−θUsds], a.e., a.s.
By Lemma 2.21 in Elliott [6], we obtain Yt = E
Ft [XˆTUT +
∫ T
t
Xˆsϕsds +∫ T+θ
T
µs−θXˆs−θUsds, for any t ∈ [0, T ], a.s. 
5 Comparison theorem of one-dimensional an-
ticipated BSDEs with Markov chain model
The main idea of our proof comes from the proof of the comparison the-
orem for anticipated BSDEs with Brownian motion noise in Peng and Yang
[12].
Let (Y
(1)
· , Z
(1)
· ), (Y
(2)
· , Z
(2)
· ) be respectively the solutions of the following
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two one-dimensional anticipated BSDEs:{
−dY (j)t = fj(t, Y (j)t , Z(j)t , Y (j)t+δ(t))dt− Z(j)t dMt, 0 ≤ t ≤ T ;
Y
(j)
t = ξ
(j)
t , T ≤ t ≤ T +K,
where j = 1, 2.
Theorem 5.1. Assume ξ
(1)
· , ξ
(2)
· ∈ L2F (T, T +K;R), δ satisfies (i), (ii), and
f1, f2 satisfy conditions such that the above two anticipated BSDEs have
unique solutions. Suppose
1. f1 satisfies (H1), moreover, the Lipschitz constant c2 of f1 satisfies
c2‖Ψ†t‖N×N
√
6m < 1, for any t ∈ [0, T ],
where Ψ is given in (3) and m > 0 is the bound of ‖At‖N×N , for any
t ∈ [0, T ].
2. for any t ∈ [0, T ], y ∈ R, z ∈ RN , f1(t, y, z, ·) is increasing, i.e.,
f1(t, y, z, θr) ≥ f1(t, y, z, θ′r), if θr ≥ θ′r, θ·, θ′· ∈ L2F(t, T + K;R), r ∈
[t, T +K].
If ξ
(1)
s ≤ ξ(2)s , s ∈ [T, T+K], and f1(t, Y (2)t , Z(2)t , Y (2)t+δ(t)) ≤ f2(t, Y (2)t , Z(2)t , Y (2)t+δ(t)),
a.e., a.s., then
P (Y
(1)
t ≤ Y (2)t , for any t ∈ [0, T ]) = 1.
Proof. Set{
Y
(3)
t = ξ
(1)
T +
∫ T
t
f1(s, Y
(3)
s , Z
(3)
s , Y
(2)
s+δ(s))ds−
∫ T
t
(Z
(3)
s )′dMs, t ∈ [0, T ];
Y
(3)
t = ξ
(1)
t , t ∈ [T, T +K].
By Lemma 2.3, we know there exists a solution (Y
(3)
· , Z
(3)
· ) ∈ L2F (0, T ;R)×
H2(0, T ;RN) to the above BSDE. Moreover, this solution is unique up to
indistinguishability for Y. and equality d〈M,M〉t × P-a.s. for Z. Set f˜t =
f2(t, Y
(2)
t , Z
(2)
t , Y
(2)
t+δ(t)) − f1(t, Y (2)t , Z(2)t , Y (2)t+δ(t)) and y. = Y (2). − Y (3). , z. =
Z(2). − Z(3). , ξ˜. = ξ(2). − ξ(1). . Then the pair (y, z) can be regarded as the
solution to the linear BSDE{
yt = ξ˜T +
∫ T
t
(asys + bszs + f˜s)ds−
∫ T
t
zsdMs, t ∈ [0, T ];
yt = ξ˜t, t ∈ [T, T +K],
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where
as =


f1(t, Y
(2)
t , Z
(2)
t , Y
(2)
t+δ(t))− f1(t, Y (3)t , Z(2)t , Y (2)t+δ(t))
ys
, if ys 6= 0;
0, if ys = 0,
bs =


f1(t, Y
(3)
t , Z
(2)
t , Y
(2)
t+δ(t))− f1(t, Y (3)t , Z(3)t , Y (2)t+δ(t))
|zs|2N
z′s, if zs 6= 0;
0, if zs = 0.
Since f1 satisfies (H1), we deduce for any s ∈ [0, T ], |as| ≤ c1 and by Lemma
2.1,
|bs|N ≤ c2‖zs‖Xs · |zs|N|zs|2N
≤ c2
√
3m.
By Lemma 2.9, we know
P (yt = E[ξ˜TUT +
∫ T
t
f˜sUsds|Ft], for any t ∈ [0, T ]) = 1,
where U is the solution of a one-dimensional SDE{
dUs = Usasds+ Us−bs−(Ψ
†
s)
′dMs, s ∈ [t, T ];
Ut = 1.
(15)
Denote
dVs = asds+ bs−(Ψ
†
s)
′dMs, s ∈ [0, T ].
The solution to SDE (15) is given by the Dole´an-Dade exponential (See [6]):
Us = exp(Vs − 1
2
〈V c, V c〉s)
∏
0≤u≤s
(1 + ∆Vu)e
−∆Vu , s ∈ [0, T ],
where
∆Vu = bu−(Ψ
†
u)
′∆Mu = bu−(Ψ
†
u)
′∆Xu.
Since f1 satisfies c2‖Ψ†t‖N×N
√
6m < 1, for any t ∈ [0, T ], where Ψ is given in
(3) and m > 0 is the bound of ‖At‖N×N , for any t ∈ [0, T ], by Lemma 2.1
we have
|∆Vu| ≤ |bu−|N · ‖(Ψ†u)′‖N×N · |∆Xu|N < c2
√
3m
1√
6mc2
√
2 = 1.
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Hence we have Us > 0, s ∈ [0, T ]. As ξ˜T ≥ 0, a.s., and f˜s ≥ 0, a.e., a.s., we
know for any t ∈ [0, T ],
yt = E[ξ˜TUT +
∫ T
t
f˜sUsds|Ft] ≥ 0, a.s.
Since y. is RCLL, by Lemma 2.21 in Elliott [6], we obtain
P (Y
(2)
t ≥ Y (3)t , for any t ∈ [0, T ]) = P (yt ≥ 0, for any t ∈ [0, T ]) = 1.
Set{
Y
(4)
t = ξ
(1)
T +
∫ T
t
f1(s, Y
(4)
s , Z
(4)
s , Y
(3)
s+δ(s))ds−
∫ T
t
(Z
(4)
s )′dMs, t ∈ [0, T ];
Y
(4)
t = ξ
(1)
t , t ∈ [T, T +K].
Recall for any t ∈ [0, T ], y ∈ R, z ∈ RN , f1(t, y, z, ·) is increasing and Y (2)t ≥
Y
(3)
t , for any t ∈ [0, T ], a.e. Also, f1 satisfies c2‖Ψ†t‖N×N
√
6m < 1 for
t ∈ [0, T ]. So by Lemma 2.8 we obtain
P (Y
(3)
t ≥ Y (4)t , for any t ∈ [0, T ]) = 1.
For n = 5, 6, · · ·, we consider the following sequence of classical BSDEs on
Markov chain:{
Y
(n)
t = ξ
(1)
T +
∫ T
t
f1(s, Y
(n)
s , Z
(n)
s , Y
(n−1)
s+δ(s))ds−
∫ T
t
(Z
(n)
s )′dMs, t ∈ [0, T ];
Y
(n)
t = ξ
(1)
t , t ∈ [T, T +K].
Similarly for any n ∈ N, n ≥ 4, we know the above equation has a unique
solution (Y (n). , Z
(n)
. ) ∈ L2F (0, T ;R) × H2(0, T ;RN). Moreover, there exists
a subset An ⊆ Ω with P (An) = 1 such that for any ω ∈ An, Y (n)t (ω) ≥
Y
(n+1)
t (ω), for any t ∈ [0, T ]. Hence
P (
+∞⋂
n=4
An) = 1− P (
+∞⋃
n=4
Acn) ≥ 1−
+∞∑
n=4
P (Acn) = 1.
That is,
P (Y
(4)
t ≥ Y (5)t ≥ . . . ≥ Y (n)t ≥ . . . , for any t ∈ [0, T ]) = 1.
So
P (Y
(2)
t ≥ Y (3)t ≥ Y (4)t ≥ Y (5)t ≥ . . . ≥ Y (n)t ≥ . . . , for any t ∈ [0, T ]) = 1.
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Let β > 0 be an arbitrary constant and c = max{c1, c2}. We use ‖ ν(·) ‖L2
and ‖ µ(·) ‖Hˆ2 in the proof of Theorem 3.1 as the norms in the Banach
spaces L2F(0, T + K;R) and Hˆ
2(0, T + K;RN), respectively. Set Yˆ
(n)
s =
Y
(n)
s − Y (n−1)s , Zˆ(n)s = Z(n)s − Z(n−1)s , n ≥ 4. Then (Yˆ (n)· , Zˆ(n)· ) satisfies the
following BSDE

Yˆ
(n)
t =
∫ T
t
(f1(s, Y
(n)
s , Z
(n)
s , Y
(n−1)
s+δ(s))− f1(s, Y (n−1)s , Z(n−1)s , Y (n−2)s+δ(s)))ds
− ∫ T
t
(Zˆ
(n)
s )′dMs, t ∈ [0, T ];
Yˆ
(n)
t = 0, t ∈ [T, T +K].
Apply Itoˆ’s formula to eβs|Yˆs|2 for s ∈ [0, T ] and then take the expectation:
E[|Yˆ (n)0 |2] + E[
∫ T
0
β|Yˆ (n)s |2eβsds] + E[
∫ T
0
‖Zˆ(n)s ‖2Xseβsds]
= 2E[
∫ T
0
Yˆ (n)s (f1(s, Y
(n)
s , Z
(n)
s , Y
(n−1)
s+δ(s))− f1(s, Y (n−1)s , Z(n−1)s , Y (n−2)s+δ(s)))eβsds]
≤ E[
∫ T
0
(
β
2
|Yˆ (n)s |2 +
2
β
|f1(s, Y (n)s , Z(n)s , Y (n−1)s+δ(s))− f1(s, Y (n−1)s , Z(n−1)s , Y (n−2)s+δ(s))|2)eβsds].
Thus
E[
∫ T
0
(
β
2
|Yˆ (n)s |2 + ‖Zˆ(n)s ‖2Xs)eβsds]
≤ 2
β
E[
∫ T
0
|f1(s, Y (n)s , Z(n)s , Y (n−1)s+δ(s))− f1(s, Y (n−1)s , Z(n−1)s , Y (n−2)s+δ(s))|2eβsds]
≤ 6c
2
β
E[
∫ T
0
(|Yˆ (n)s |2 + ‖Zˆ(n)s ‖2Xs + |Yˆ (n−1)s+δ(s)|2)eβsds]
≤ 6c
2
β
E[
∫ T
0
(|Yˆ (n)s |2 + ‖Zˆ(n)s ‖2Xs)eβsds] +
6c2L
β
E[
∫ T
0
|Yˆ (n−1)s |2eβsds].
Set β = 18c2L+ 18c2 + 3. Then
2
3
E[
∫ T
0
(|Yˆ (n)s |2 + ‖Zˆ(n)s ‖2Xs)eβsds] ≤
1
3
E[
∫ T
0
|Yˆ (n−1)s |2eβsds]
≤ 1
3
E[
∫ T
0
(|Yˆ (n−1)s |2 + ‖Zˆ(n−1)s ‖2Xs)eβsds].
Hence
E[
∫ T
0
(|Yˆ (n)s |2 + ‖Zˆ(n)s ‖2Xs)eβsds] ≤ (
1
2
)n−4E[
∫ T
0
(|Yˆ (4)s |2 + ‖Zˆ(4)s ‖2Xs)eβsds].
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It follows that (Y
(n)
· )n≥4 and (Z
(n)
· )n≥4 are, respectively, Cauchy sequences
in L2F(0, T +K;R) and in Hˆ
2(0, T +K;RN). Denote their limits by Y· and
Z·, respectively. Then
P (Y
(2)
t ≥ Y (3)t ≥ . . . ≥ Y (n)t ≥ . . . ≥ Yt, for any t ∈ [0, T ]) = 1.
Since L2F(0, T + K;R) and Hˆ
2(0, T + K;RN) are both Banach spaces, we
obtain (Y·, Z·) ∈ L2F(0, T +K;R)× Hˆ2(0, T +K;RN). Note for any ∈ [0, T ],
E[
∫ T
t
|f1(s, Y (n)s , Z(n)s , Y (n−1)s+δ(s))− f1(s, Ys, Zs, Ys+δ(s))|2eβsds]
≤ 3c2E[∫ T
t
(|Y (n)s − Ys|2 + ‖Z(n)s − Zs‖2Xs + L|Y (n−1)s − Ys|2)eβsds]→ 0, n→∞.
Therefore, (Y·, Z·) satisfies the following anticipated BSDE{
Yt = ξ
(1)
T +
∫ T
t
f1(s, Ys, Zs, Ys+δ(s))ds−
∫ T
t
Z ′sdMs, 0 ≤ t ≤ T ;
Yt = ξ
(1)
t , T ≤ t ≤ T +K.
By Theorem 3.1 we know
P (Yt = Y
(1)
t , for any t ∈ [0, T ]) = 1.
Because P (Y
(2)
t ≥ Y (3)t ≥ Yt, for any t ∈ [0, T ]) = 1, it holds immediately
that
P (Y
(1)
t ≤ Y (2)t , for any t ∈ [0, T ]) = 1. 
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